The magnetic phase transitions reported below 230 K in cupric oxide are analyzed theoretically at the macroscopic and microscopic levels. The incommensurate multiferroic and lock-in commensurate phases are shown to realize an inverted sequence of symmetry-breaking mechanisms with respect to the usual sequence occurring in low temperature multiferroic compounds. The higher temperature spin-spiral phase results from coupled order-parameters which decouple at the lock-in transition to the commensurate ground state phase. Expressing the order-parameters in function of the magnetic spins allows determining the symmetries and magnetic structures of the equilibrium phases and the microscopic interactions which give rise to the polarization. 4-6 One order-parameter induces the paramagnetic-antiferromagnetic transition; it then couples to a second order-parameter producing a complex spiral-type magnetic order which breaks space inversion and gives rise to an electric polarization. Such coupling, which expresses the existence of competing magnetic interactions, tends to lower the transition temperature to the multiferroic phase. This phase constitutes in most cases the ground state of the system.
The magnetic phase transitions reported below 230 K in cupric oxide are analyzed theoretically at the macroscopic and microscopic levels. The incommensurate multiferroic and lock-in commensurate phases are shown to realize an inverted sequence of symmetry-breaking mechanisms with respect to the usual sequence occurring in low temperature multiferroic compounds. The higher temperature spin-spiral phase results from coupled order-parameters which decouple at the lock-in transition to the commensurate ground state phase. Expressing the order-parameters in function of the magnetic spins allows determining the symmetries and magnetic structures of the equilibrium phases and the microscopic interactions which give rise to the polarization. the magnetically induced ferroelectric order does not appear directly below the paramagnetic phase but across an intermediate antiferromagnetic phase via two successive second-order phase transitions. This typical two-step phase-sequence involves two order-parameters associated with the same incommensurate wave-vector. [4] [5] [6] One order-parameter induces the paramagnetic-antiferromagnetic transition; it then couples to a second order-parameter producing a complex spiral-type magnetic order which breaks space inversion and gives rise to an electric polarization. Such coupling, which expresses the existence of competing magnetic interactions, tends to lower the transition temperature to the multiferroic phase. This phase constitutes in most cases the ground state of the system.
The preceding picture of magnetically driven multiferroics was recently blurred by the discovery of a multiferroic spin spiral phase in cupric oxide, 7 in which the multiferroic and antiferromagnetic phases occurs in an inverted order with respect to the standard sequence found in low temperature multiferroics. The multiferroic phase appears directly below the paramagnetic phase at T N 2 = 230K. At T N 1 = 213K the incommensurate spiral ordering is replaced by a non-polar commensurate spin structure representing the actual ground state of the material. The remarkably high transition temperature T N 2 has been attributed to large superexchange spin interactions, 7, 8 and incidentally related to the property of CuO to be a starting material for the synthesis of high-T C superconductors. 7 Here we describe theoretically the sequence of transitions in CuO and show that the corresponding transition mechanisms, which both display a first-order character, also occur in a reversed order: The higher temperature multiferroic phase results from the coupling of two order-parameters whereas the lowtemperature commensurate phase is induced by a single order-parameter. Expressing the order-parameter components in terms of spin densities allows to detail the magnetic structures of the phases reported from neutron diffraction measurements [9] [10] [11] [12] and to elucidate the nature of the interactions giving rise to the induced polarization.
The wave-vector k c = (
2 ) reported for the transition to the commensurate phase 9 arising at T N 1 is located inside the monoclinic C Brillouin-zone. It is invariant by the mirror-plane m y of the paramagnetic space-group C2/c1 ′ , corresponding to a two-branch star k * c = ±k c associated with two bi-dimensional irreducible representations (IR's) τ 1 and τ 2 , 13 the matrices of which are given in Table I . The Landau free-energy expressing the coupling between the corresponding 2-component order-parameters (η 1 = ρ 1 cosθ 1 , η 2 = ρ 1 sinθ 1 ) and (ζ 1 = ρ 2 cosθ 2 , ζ 2 = ρ 2 sinθ 2 ) reads:
Minimization of F truncated at the eighth degree leads to eleven possible stable phases for different equilibrium values of ρ 1 , ρ 2 , θ 1 and θ 2 . The magnetic symmetries of the phases, numbered from I to XI, are listed in Table II (2) Taking into account the equilibrium conditions fulfilled by the order-parameter components, indicated in column (d) of Table II , the magnetic structures associated with the eleven phases listed in Table II can be worked out. Using the neutron diffraction data on CuO 9-12 then allows an unambiguous identification of the phases disclosed in this compound. Thus, the commensurate phase found below T N 1 corresponds to phase IV induced by τ 2 for ζ 1 = −ζ 2 . It has the magnetic symmetry P a 2 1 /c with the unit-cell basic vectors (2a, 0, 0), (0, b, 0) and (a, 0, c) ( Fig. 1(a) ) and the anti-translations Fig. 1(b) shows the corresponding orientations of the spins along the b axis and parallel to the (a, c) plane. The antiferromagnetic configuration with spins along b has been proposed experimentally 9-12 based on neutron diffraction analysis. The model reflects a strong antiferromagnetic super-exchange coupling J along the [101] direction. In addition, our symmetry-based approach predicts that non-zero spin components are allowed in the (a, c) plane. The coupling between the in-plane components is, however, ferromagnetic along [101], pointing to their probable relativistic origin and therefore too small value to be detected in usual diffraction experiments.
The polar phase V III of magnetic symmetry P a 2 1 , induced by τ 1 + τ 2 , can be taken as a commensurate approximant of the incommensurate multiferroic phase observed below T N 2 . The corresponding equilibrium relationships, η ′ associated with the kc = ±( Figs. 2 shows the corresponding orientation of the spins compatible with the neutron diffraction analysis 11,12 of a spiral structure having its envelope parallel to the (b * ; 0.5a * + 1.5c * ) plane in reciprocal space. The antiparallel orientation of the spins along the Cu-O chains run along the [101] direction, with the strongest antiferromagnetic super-exchange coupling J. Note that using phase X of symmetry P a 2 (Table I) as an approximant of the spin-spiral phase of CuO, would lead to the same incommensurate magnetic structure which displays the point-group symmetry 2 y 1 ′ . Thus, on decreasing temperature below T N 2 the incommensurate phase of CuO results from the coupling of two order-parameters which are decoupled at T N 1 , only one of them being associated with the symmetrybreaking mechanism giving rise to the low-temperature 
commensurate phase. Figure 3 shows the thermodynamic path corresponding to the preceding sequence of phases in the theoretical phase diagram of CuO. Note that the paramagnetic to incommensurate phase transition has necessarily a first-order character since all the phases induced by τ 1 + τ 2 in Table II cannot be reached directly from the paramagnetic phase across a secondorder phase transition.
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The polar symmetry of the incommensurate phase allows an electric polarization component P y , the form of which can be deduced from the dielectric free-energy
, where δ is a coupling constant and χ 0 yy the paramagnetic susceptibility. It gives:
Eq. (5) is consistent with the linear increase of P y (T ) on cooling observed below T N 2 . 7 It reflects a typical improper ferroelectric behaviour, which is confirmed by the α α α α upward finite discontinuity of the dielectric susceptibility. By contrast the absence of noticeable discontinuity at T N 2 for the polarization 7 does not allow confirming the first-order nature of the transition imposed by symmetry and topological requirements.
14 In this respect, additional precise experimental studies are necessary to verify this important point. Taking into account the orderparameter copies P y reads:
The δ ab /δ ba and δ cb /δ bc coupling invariants contain exclusively antisymmetric invariants of the s 
xz −4σxσz and ∆k z = ∆k x (x ↔ z), corresponding in CuO to k inc = (0.506, 0, −0.483). Close below T N 2 the Lifshitz invariants favour the onset of the incommensurate phase. On cooling, the order-parameter magnitude increases and fourth-degree terms in F 1 influence the stability of the system. The first-order lock-in transition to a commensurate phase at T N 1 coincides with the onset of the anisotropic γ i and ν i invariants in Eq. (1) and with a cancelling of the Lifshitz invariants.
In summary, our theoretical analysis of the unusual sequence of phases observed in cupric oxide shows that the corresponding transition mechanisms follows in many respects an unconventional scheme as compared to the situation found in low-temperature multiferroic compounds. The phases arise in an inverted sequence across first-order transitions, the higher-temperature multiferroic phase, induced by the coupling of two antiferromagnetic orderparameters having a lower magnetic symmetry than the low-temperature phase associated with a single orderparameter. The order-parameters have been expressed in function of the spin variables permitting a theoretical determination of the magnetic structures and of the magnetic interactions contributing to the electric polarization. In this respect the polarization appears as a purely induced effect essentially due to DM interactions between spins in different directions in space. This conclusion, which derives from the improper coupling relating P y to the order-parameter components (Eq. (6)), differs from the interpretation, based on DFT calculations, that spin canting and polarization mutually stabilize each other, 16 or from the weak frustration model 17 proposed for explaining the high transition temperature to the multiferroic phase.
